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A REMARK ON THE PAPER RANDOMIZING QUANTUM STATES:
CONSTRUCTIONS AND APPLICATIONS
GUILLAUME AUBRUN
Abstrat. The onept of ε-randomizing quantum hannels has been introdued by Hayden, Leung,
Shor and Winter in onnetion with approximately enrypting quantum states. They proved using
a disretization argument that sets of roughly d log d random unitary operators provide examples
of suh hannels on Cd. We show that a simple trik improves the eieny of the argument and
redues the number of unitary operators to roughly d.
Sine our argument is a minor modiation of the original proof, we systematially refer the reader
to [1℄ for introdution, bakground and appliations of the notion of randomizing states.
Notation. On the spae B(Cd) of d × d omplex matries we onsider the trae lass norm ‖ · ‖1
and the operator norm ‖ · ‖∞. Let also D(C
d) be the onvex set of mixed states (=positive elements
of B(Cd) with trae 1). The extreme points of D(Cd) are pure states. We denote by C and c absolute
numeri onstants.
Denition. A quantum hannel (= ompletely positive trae-preserving linear map) R : B(Cd) →







Theorem. Let (Ui)16i6N be independent random matries Haar-distributed on the unitary group U(d).









Assume that 0 < ε < 1 and N > Cd/ε2 · log(1/ε). Then the hannel R is ε-randomizing with nonzero
probability.
As often with random onstrutions, we atually prove that the onlusion holds true with large
probability. Let us quote two lemmas from [1℄.
Lemma (Lemma II.3 in [1℄). Let ϕ, ψ be pure states on Cd and (Ui)16i6N as before. Then for every













Lemma (Lemma II.4 in [1℄). For 0 < δ < 1 there exists a set M of pure states on Cd with |M| 6
(5/δ)2d, suh that for every pure state ϕ on Cd, there exists ϕ0 ∈ M suh that ‖ϕ− ϕ0‖1 6 δ.
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We must show that P(A > ε
d





































By a onvexity argument, the supremum in A an be restrited to pure states. Let ϕ, ψ be pure states































i (ψ − ψ0))
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The last quantity is less than 1 provided N > Cd/ε2 · log(1/ε) for some onstant C.
Remark. One heks (using the value c = (6 ln 2)−1 from [1℄) that for d large enough, the onstant in
our theorem an the hosen to C = 150. This is presumably far from optimal.
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